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A genera l ized  Stokes fluid is defined, and a new s imi l a r i t y  c r i te r ion ,  the Truesde l l  number,  
is d i scussed .  Equations of the bounda ry - l aye r  type in an incompress ib le  gas  a r e  der ived.  A 
detai led study is made of the s e l f - s i m i l a r  p rob l em of a th ree -d imens iona l  boundary layer .  

1. Definition of a Genera l i zed  Stokes Fluid and Relation with the Kinetic Theory  of Gase s .  Following 
[1], we define a genera l i zed  Stokes fluid as a continuous medium in which there  exis t  ce r t a in  ma te r i a l  con- 
stants/~0 and T 0, the natura l  v i scos i ty  and cha rac t e r i s t i c  t empera tu re ,  of dimensional i ty  

[,01 = M.~ L- i t  -1, [To] = O, 

and in which the v i s c o u s - s t r e s s  tensor  depends on the r a t e - o f - s t r a i n  t ensor  Sij and on #0, To, Pro, P, and T: 

~'u = f("o, To, P~, P, T, S~1), (1) 

v u = 0 ,  if S t j : 0 .  

For  an isotropic  medium, Eq. (1) becomes  

v u = Zo~i j + EIS~j + E2S~kSkj, (2) 

where 

eo, Ex, E2 =f(~o, To, P,n, P, T, I,, 12, Is). (3) 

Here  11, 12, and 13 a r e  the pr inc ipa l  invar iants  of the r a t e - o f - s t r a i n  tensor .  F rom the eight dimensional  
quanti t ies fo rmed  f rom the th ree  independent d imensional i t ies  MmL- t t  -1, t, and O on the r ight  side of Eq. 
(3), we can fo rm the five d imens ion less  combinat ions 

,Lto I1 . O 2 / .  .0  3 13 ' p r 

p. do p, . '  

The d imens ion less  combinat ions  on the left side of Eq. (3) a r e  

F o =  E___~ o, F I Ea, F z =  EzPo 
,o = . o  . o  

We can then r ewr i t e  Eq. (3) in d imens ion less  form,  

Fo, F1, F 2 = f  I,, ~ ' 2 ,  p3 ~ p, , To ' 

and rep lace  Eq. (2) by 
2 

vii = P~176 ~- "~ + -~o F2SI~Snr 

Truesde l l  [1] p roposed  the fo l lowingpolynomina l represen ta t ion  for  the coefficients Fo, FI, and F2: 

(4) 
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Within t e r m s  of second o r d e r  inc lus ively ,  Eq.  (4) b e c o m e s ,  with an account  of (5), 
2 

vu = I~o [Fo~oo I~6~t + FloooS~. d + -~-o[Fo2ooll6~j-1-FnooI1So + Foo:o126 u + F2oooSihSh~] ~ 

We int roduce the s h e a r - v e l o c i t y  t ensor ,  

if 

~ 1 
1 li6u ' ~ .=S,~Sks___.~ ( I ~ -  2lz)$ij; -T 

3Foloo+ Flooo =0,  

3Fo2oo -~- Fno o -+- F2ooo=0, 

3Foolo-- 2F2ooo = O, 

Eq. (6) b e c o m e s  

o 

~'ii = InoFloooSii + Po tFn~176 q- Fz~176176 ]" 

(5) 

(6) 

(7) 

(8) 

(9) 

The f i r s t  r e la t ion  in (8) is the Stokes condit ion in the c l a s s i c a l  c a s e .  We note that  Eqs .  (8) a r e  the 
condi t ions  for  the equali ty of the p r e s s u r e  p to the hydros ta t i c  p r e s s u r e ,  obtained by T r u e s d e l l  [1] in a dif-  
f e r en t  m a n n e r .  

new d imens ion le s s  complex  #0Sij/P0, f i r s t  in t roduced  by Truesde l l ,  appea r s  among  the nonl inear  A 
t e r m s  in Eq. (9); this  complex  is the c r i t e r i o n  for  the a p p e a r a n c e  of non l inea r  ef fec ts .  Accord ing ly ,  along 
with the o rd ina ry  Reynolds ,  Mach, e tc .  s i m i l a r i t y  c r i t e r i a ,  we have a new o n e -  the T r u e s d e l l  number ,  
which b e c o m e s  s igni f icant  at high a l t i tudes  or  in shock waves ,  because  of the sharp  ve loc i ty  g rad ien t .  We 
note that  P redvodi te lev  [2] used  the r e c i p r o c a l  of the T r u e s d e l l  number  in evaluat ing acous t ic  d i spe r s ion .  

If the bas ic  a s sum pt i ons  of the kinet ic  t heo ry  of g a s e s  hold, the T r u e s d e l l  number  can be r e l a t ed  to 
the f ami l i a r  Kuudsen and Mach number s :  

Tr ~~ I ~  U., l U ,~ . . . . .  - ~ Kn b4 ~ M2.Re-L 
po L.; 

We note  that  we could de r ive  Eq. (9) on the bas i s  of m o l e c u l a r - k i n e t i c s  concep t s .  For  this purpose ,  
we cons ide r  the exp res s ion  for  the v i s c o u s - s t r e s s  t e n s o r  with an account  of the Barne t t  approximat ion ,  
which holds in the dynamics  of low-dens i ty  g a s e s  [3]: 

o 

ts ~ 0 0/v 

(lo) 

viJ =2~Si~+ c~ llS~ p -~ r  F P 

o 

p~ @ OT 

ppT Or Or 

Or - -  -~ r  Co -~ r  Co - -2  Or c~ +~r176 

o . o 

Ix 2 OT OT ~2 
+ % - -  + o6 Sij �9 

p T z Or Or p 

pT Or Or 

In the e x p r e s s i o n  in square  b r a c k e t s  in the  coeff ic ient  of co2, the las t  two t e r m s  show the dependence 
of the v i s c o u s - s t r e s s  t en so r  on the a n t i s y m m e t r i c  p a r t  of the v e l o c i t y - g r a d i e n t  t enso r  (0]0r)c0, i .e. ,  on v o r -  
tex mot ion (1/2 ro tc0) .  In der iv ing  Eq. (9), however ,  we neg lec ted  this  dependence,  so in de te rmin ing  the 
na tu re  of the coeff ic ients  in Eq. (9) we will  neg lec t  t hese  two t e r m s  in Eq. (10). The other  t e r m s  in t h e  
coeff ic ient  of w 2 a r e  on the o r d e r  of the following d imens ion le s s  complex:  

~t 2 12p~ l 2 
ppL 2 p~L~ = ~ Kn~" 

A s imi l a r  complex  can be f o r m e d  f r o m  the coef f ic ien ts  of co3, r 4, and ws, so thei r  cont r ibut ions  a r e  
on the o r d e r  of the square  of the Knudsen number .  The  exp re s s ions  in the coef f ic ien ts  of w t and r a r e  
obvious ly  on the o rde r  of the T r u e s d e l l  num be r .  
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Since for supersonic flow of a. continuous medium we can assume Kn 2 << Tr, we can replace (10) by 
o 

o 2 o I I Y  2 W o 

'vu = 2~tSu -1:o11 llS~ j Av ol 6 r" SuSu . 
p 'p 

Comparing (9) and (11), we find 

0~I O16 
~o=2~, Flooo= 1, Fnoo= ~ -  �9 F2ooo = - T  ' po=p, 

where, for Maxwell molecules  [3], we have 

4(z 
r176 T 2 

2. 

T dD /, r  
dT ! 

(11) 

(12) 

(13)  

Derivation of the Equations of a Three-Dimens iona l  Boundary Layer in an Incompress ible  Gas.  
For  convenience, we rewri te  Eq. (9) for an incompressible  gas as 

O O . - -  

Pu = - -  P6u + 2~Su + 4K2- ~3~S~j, 

where 

(14) 

K1 = Fnoo, K~= - -  Fzooo. 
Po Po 

The general  dynamical  equations of a continuous medium with body forces  neglected are  [4] 

du ap~ apu x apz ~ 
o d--U = o-U + ~ + o-T' 

dv OPxg - + Opu ~ Opz u 
o d--U = ax -b~-y + a-7-' (12) 

dw O!~xz ~ apz * 
p id----~= Ox -]- -]- a----~' 

where the PLj must  be determined f rom Eq. (14). In sys tem (15) we introduce the dimensionless var iables  

u=Uu, v=V~, w=U~, 
x--Lx, y=Y-y, z = L z ,  p=Pp. 

We set up the a rb i t r a ry  scales  as is done ha the theory of a planar boandary layer  [5]: 

y _  L V -  U LU 
~J R~ ' V ~ '  p = ~U2, Re  - v 

discarding t e rms  on the order  of 1/Re in (15), we find (omitting the bars  over the dimensionless quan- Then, 
tities) 

du _ a { 
dt Ox [P --  

dw 0 [ 8 
dt az [P 3 

3 Oy --v+ Ox oy/ + Oy -E+~2 oy oz-~u +A-E Vju~] 
0 

a~w . a ( au aw ~ a au au aw au 
- - - - A I 2  + ~ + A ~ x  ~,Tg T Y / + A - ~ 9  -~9 -~z +-~z  --2 0x Oy + Oz -~9 ,(16) 

Oa +_ Ov Ow 
o-;- ~ + ~ = o ,  

, [(0 v i ovl 
12= --  4 -  Og ] \ ~ ]  J g=TrF2ooo, T r =  Po L 

where 

The charac te r i s t i c  p r e s s u r e  P0 can be chosen, e . g . ,  equal to the p r e s s u r e  p~ in the incident flow. 
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TABLE 1. Components of the Fr ic t ion Fo rces  at the 
Wall for  Certain Truesde l l  Numbers 

Tr a~t b~. fH (0) g'  (0) 

0 
0,15 
.0,50 

0,2509 
0,0102 

--0,8287 

0,2509 
0 4335 
0,7097 

1,2509 
1,0t02 
011713 

1,2509 
1,4335 
1,7097 

Integrating the second equation in sys tem (16) over  y, and assuming that 0u/0y and ~hv/0y vanish at the 
outer boundary of the boundary layer ,  we find an equation for  the p r e s s u r e  within this layer:  

, _ , .  (. + 1 , [ 1  o. ,, o,, + ( ~ . 

Here  p .  (x, z) is  the specified p r e s s u r e  distribution at the outer  boundary of the boundary l ayer .  
(17) into (16), we finally find 

du Op. O~u [~y ( Ou Ow 
dt =- - -~ -x  + - ~ 9  2 + A  Oz ay 

a t - - -  O ~ - t - ~  + A . Oy Ox 

oz oy ] ~z -~v Wv + -y-;~ or 

ax ay ] ~ x  \ ~ g - ~ g  ] § \ az @2 
Ou av aw 
o~ +-~b-~ + W  =o- 

.-)] 
- - -  0y 0x0y 

ay ay oz ' 

We can use the standard boundary conditions: 

u = v = 0  at y = 0 ,  

u=U(x, z), W-----W(x, z) at y = o o ,  

where  the external - f low veloci t ies  U(x, z) and W(x, z) must  sa t i s fy  the Euler  equations, given in our case  
by 

Y; 

U (x) = x,  W (x) = x, 

convert ing sys tem (18) to 

u = x f '  (y), v = - f (y), w=xg(y) .  

To de te rmine  f and g we mus t  solve a s y s t em of nonlinear  ord inary  differential  equations, 

[ ' "  + fie" "+- (1--f  n) + A(gg"--g '~) =0, 

(17) 

Substituting 

(18) 

(19) 

u ~  ~ o;, 
Ox Oz Ox' 

(2o) 
U OW WOW Op, 

~x + Oz = Oz 

For simplici ty we assume that the veloci t ies  u, v, and w a re  functions of only the two var iables  x and 
then we can specify the dimensionless  veloci t ies  U(x) and W(x) as 

g" + fg' + (1--/ 'g) + A [(g/")' - -  2['g"t =0 

Ho) = f' (o) = g(o)=o, 

V.(oo) : g ( ~ )  --=-1. 

with  numer ica l  boundary conditions 

Following Dorodnitsyn [6], we multiply all  the t e rm s  in sys tem (21) by the smoothing function n(y) and in- 
t egra te  f rom zero  to infinity; then we find a sys tem of integrodifferent ia l  equations: 

S u (y) if '" § W + ( 1 - - f  2) + A(gg"--g'~)ldy =0, 
0 

ar 

.I • (y) {g' + fg' + (l--/ 'g) + A [(g/")' - -  2fg"]} dy =0. 
0 

(21) 

(22) 

(23) 
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Fig. 1. Velocity components along the x axis (a) and along the z 
axis (b) in a th ree-d imens iona l  boundary layer .  1) T r  = 0; 2) 0.5. 

P-P ,  

O,a : 
/ 

Y 

a o,a q8 x 

Fig, 2, Excess  p r e s s u r e  
a r i s ing  at thewal l  inn th ree -  
dimensional  boundary l aye r  
for  cer ta in  Truesde l l  num- 
be r s .  1) T r  = 0.5; 2) 0.15. 

(23): 
Below we will use the f i r s t -approximat ion  solution of sys tem 

ui (Y) = e-~', 

f = al--2 
2 + y + ( l - a l )  e - ~ +  az -2 -  e-~Y' (24) 

f' = (1 - -  e -v)  ( 1 + ale-Y), 

g = (l--e-u) (t-{- b,e-Y). 

Substituting (24) into (23), and integrating f rom zero  to infinity, we 
find a f i r s t -approximat ion  sys tem of a lgebraic  equations: 

71al + 4 2 A b  1 = tS--36A--3a~--lSAb~, 
(25) 

(3--12A) a t+  (68--30A) bz= t8+25,2A + (18A --3) a~b~. 

The values of the fr ict ion at the wall in which we a r e  in te res ted  
a r e  found in this approximation f rom 

["(0) ----- 1-b a~, g' (0) =l-l- bx. (26) 

Table  1 shows the components  of the fr ic t ion fo rce  at the wall in the case  of a Maxwell gas, calculated 
f rom Eqs.  (26) for  ce r ta in  Truesde l l  numbers .*  

F r o m  Fig, 1, which shows the veloci ty  components within the boundary layer ,  we see that the prof i le  
of the component along the x axis  approaches  the separat ion prof i le  with increasing Reynolds number,  while 
the prof i le  of the veloci ty  component along the z axis becomes  "ful ler ,"  and the boundary layer  becomes  nar -  
rower  in this di rect ion.  Figure 2 shows the additional p r e s s u r e  calculated f rom Eq. (17). 

v~ 

Pij 
Sii 
(~lar)c o 

(0/0r)c0 = Sij 
Tr 
Kn 
M 

l~ m 
L 
t 
| 

PO 

Z 
P 

i s  

is 
is 
is 

is 
iS  

I S  

I S  

l S  

IS  

IS  

IS  

IS  

IS  

IS  

IS  

N O T A T I O N  

the v i s c o u s - s t r e s s  tensor;  
the s t r e s s  tensor ;  
the r a t e - o f - s t r a i n  tensor;  
the ve loc i ty-gradient  tensor;  

the r a t e - o f - s h e a r  tensor;  
the Truesde l l  number;  
the Knudsen number;  
the Maeh number;  
the dimensional i ty  of mass;  
the dimensional i ty  of length; 
the dimensional i ty  of t ime; 
the dimensional i ty  of tempera ture ;  
the cha rac te r i s t i c  p r e s s u r e  in the flow; 
the molecu la r  mean f r ee  path; 
the a r i thmet ic  mean molecular  velocity; 
the density; 

*In this case  the model of a Maxwell gas is not complete ly  r igorous  because  of the approximate  validi ty of 
Eq. (12). 
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Vii1 

Lm 
Re 
a 

v 

w 

2. 

3. 

5. 

is the characteristic mass velocity; 
is the characteristic linear dimension of the solid; 
is the Reynolds number; 
is the velocity component along the x axis; 
is the velocity component along the y axis; 
is the velocity component along the z axis. 
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